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Stratification of women according to their risk of breast cancer based on polygenic risk scores (PRSs) could improve screening and pre-

vention strategies. Our aimwas to develop PRSs, optimized for prediction of estrogen receptor (ER)-specific disease, from the largest avail-

able genome-wide association dataset and to empirically validate the PRSs in prospective studies. The development dataset comprised

94,075 case subjects and 75,017 control subjects of European ancestry from 69 studies, divided into training and validation sets. Samples

were genotyped using genome-wide arrays, and single-nucleotide polymorphisms (SNPs) were selected by stepwise regression or lasso

penalized regression. The best performing PRSs were validated in an independent test set comprising 11,428 case subjects and 18,323

control subjects from 10 prospective studies and 190,040 women from UK Biobank (3,215 incident breast cancers). For the best PRSs

(313 SNPs), the odds ratio for overall disease per 1 standard deviation in ten prospective studies was 1.61 (95%CI: 1.57–1.65) with

area under receiver-operator curve (AUC) ¼ 0.630 (95%CI: 0.628–0.651). The lifetime risk of overall breast cancer in the top centile

of the PRSs was 32.6%. Compared with women in the middle quintile, those in the highest 1% of risk had 4.37- and 2.78-fold risks,

and those in the lowest 1% of risk had 0.16- and 0.27-fold risks, of developing ER-positive and ER-negative disease, respectively. Good-

ness-of-fit tests indicated that this PRS was well calibrated and predicts disease risk accurately in the tails of the distribution. This PRS is a

powerful and reliable predictor of breast cancer risk that may improve breast cancer prevention programs.

Introduction

Breast cancer is themost common cancer diagnosed among
women inWestern countries.While raremutations in genes
such as BRCA1 and BRCA2 confer high risks of developing

breast cancer, these account for only a small proportion
of breast cancer cases in the general population. Multiple
common breast cancer susceptibility variants discovered
throughgenome-wide association studies (GWASs)1,2 confer
small risk individually, but their combined effect, when
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Lack of PRS privacy guidance

p-values that range between 4.13 × 10−04 and 0.01
(Additional file 1: Table S1). One variant also showed a trend
toward association (rs1474055 (STK39) (Additional file 1:
Table S1).
The most significant variant in the joint analysis was

rs356182, located on the SNCA gene region (p = 4.13 ×
10−04). To determine if the association of the PRS was
driven by the SNCA variant, we calculated and re-tested a
PRS without the SNCA variant in the joint-analysis. The
PRS without the SNCA variant showed a similar p-value
and effect size (p = 5.14 × 10−07, beta = 4.60) to that of the
full PRS. This result suggests that the association was not
driven by the SNCA variant. These results also suggest
that the PRS provide much more statistical power than
the single variant analysis.
The analyses in the subsets with and without family

history of PD yield similar results. The PRS was associated
with PD risk in both subsets (family history: p = 5.90 ×
10−06, beta = 6.13; no family history: p = 1.80×10−06,
beta = 5.08).

Parkinson disease age at onset
To ascertain the effect of the PRS on age at onset, we
applied a Cox survival model. Higher PRS was significantly
associated with earlier age at onset (p = 5.70 × 10−07, beta =
11.20; ORestimate = 4.99; based on a Log-Rank test for
the first and third tertiles comparison; see Material and

Methods) (Table 3 and Fig. 2), suggesting that variants
in the PRS have an additive effect on age at onset. To
ascertain for an artifactual result due to control censoring,
we tested the survival model using only PD cases. In
this sensitivity analysis, the model remained significant
(p = 0.01) and the effect size had the same direction and
comparable effect size (beta = 5.83; ORestimate = 4.91; based
on a Log-Rank test for the first and third tertiles compari-
son; see Material and Methods).
The most significant variant associated with age at onset

was located in the GBA gene (rs35749011: p = 5.00 × 10−03,
OR = 1.57) (Additional file 1: Table S2). The PRS was
still associated with age at onset with similar effect
when removing this variant (p = 5.60×10−05, beta = 9.83;
ORestimate = 3.79; based on a Log-Rank test for the first
and third tertiles comparison; see Material and Methods).
This variant was not associated with PD risk in our
analyses (Additional file 1: Table S1), suggesting that the
effect on age at onset is greater than the effect on PD risk.
The variants in the MCC1, TMEM170-GAK-SGKQ and
SNCA gene regions were associated with both age at onset
and PD risk and had similar effect sizes (Additional file 1:
Tables S1 and S2). This result suggests that these genes
may be affecting multiple aspects of the disease at the
same time.
The effect of the PRS was associated with age at onset

in both cases without family history (p = 2.57×10−06,

Fig. 1 Genetic Risk Score distribution between cases and controls. a PRS distribution by PD status. The line represents the controls and the dotted line
represents the PD cases. b PRS box plots by PD status. Case contol status is indicated in the x axis

Ibanez et al. BMC Neurology  (2017) 17:198 Page 5 of 9
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p-values that range between 4.13 × 10−04 and 0.01
(Additional file 1: Table S1). One variant also showed a trend
toward association (rs1474055 (STK39) (Additional file 1:
Table S1).
The most significant variant in the joint analysis was

rs356182, located on the SNCA gene region (p = 4.13 ×
10−04). To determine if the association of the PRS was
driven by the SNCA variant, we calculated and re-tested a
PRS without the SNCA variant in the joint-analysis. The
PRS without the SNCA variant showed a similar p-value
and effect size (p = 5.14 × 10−07, beta = 4.60) to that of the
full PRS. This result suggests that the association was not
driven by the SNCA variant. These results also suggest
that the PRS provide much more statistical power than
the single variant analysis.
The analyses in the subsets with and without family

history of PD yield similar results. The PRS was associated
with PD risk in both subsets (family history: p = 5.90 ×
10−06, beta = 6.13; no family history: p = 1.80×10−06,
beta = 5.08).

Parkinson disease age at onset
To ascertain the effect of the PRS on age at onset, we
applied a Cox survival model. Higher PRS was significantly
associated with earlier age at onset (p = 5.70 × 10−07, beta =
11.20; ORestimate = 4.99; based on a Log-Rank test for
the first and third tertiles comparison; see Material and

Methods) (Table 3 and Fig. 2), suggesting that variants
in the PRS have an additive effect on age at onset. To
ascertain for an artifactual result due to control censoring,
we tested the survival model using only PD cases. In
this sensitivity analysis, the model remained significant
(p = 0.01) and the effect size had the same direction and
comparable effect size (beta = 5.83; ORestimate = 4.91; based
on a Log-Rank test for the first and third tertiles compari-
son; see Material and Methods).
The most significant variant associated with age at onset

was located in the GBA gene (rs35749011: p = 5.00 × 10−03,
OR = 1.57) (Additional file 1: Table S2). The PRS was
still associated with age at onset with similar effect
when removing this variant (p = 5.60×10−05, beta = 9.83;
ORestimate = 3.79; based on a Log-Rank test for the first
and third tertiles comparison; see Material and Methods).
This variant was not associated with PD risk in our
analyses (Additional file 1: Table S1), suggesting that the
effect on age at onset is greater than the effect on PD risk.
The variants in the MCC1, TMEM170-GAK-SGKQ and
SNCA gene regions were associated with both age at onset
and PD risk and had similar effect sizes (Additional file 1:
Tables S1 and S2). This result suggests that these genes
may be affecting multiple aspects of the disease at the
same time.
The effect of the PRS was associated with age at onset

in both cases without family history (p = 2.57×10−06,

Fig. 1 Genetic Risk Score distribution between cases and controls. a PRS distribution by PD status. The line represents the controls and the dotted line
represents the PD cases. b PRS box plots by PD status. Case contol status is indicated in the x axis

Ibanez et al. BMC Neurology  (2017) 17:198 Page 5 of 9
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rs1882       6      31382911   A   G 0.3576744442718159

       
rs3132954     6      32311459   G   A 0.3148107398400336

       
rs73730372.   6      33317843   C   T -0.5128236264286637
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Can an attacker recover 
genotypes from PRSs and use 
them to predict other diseases 
or de-anonymize the individual?

individual’s 
genotypes

g1 g2 … gi … gn

? ? ? ?

?



Recovering genotypes from a PRS
8

rsID Weight β
rs1 0.374
rs2 0.983
rs3 0.651
rs4 0.553

Model
rsID SNP
rs1 ?
rs2 ?
rs3 ?
rs4 ?

PRS: 0.34775



Recovering genotypes from a PRS
8

rsID Weight β
rs1 0.374
rs2 0.983
rs3 0.651
rs4 0.553

Model
rsID SNP
rs1 ?
rs2 ?
rs3 ?
rs4 ?

PRS =
∑N

i=1 βi ⋅ Xi

P ⋅ N

PRS: 0.34775

0.344775 ⨉ 4 ⨉ 2 = 2.782 
– 0.374 ⨉ 1 

– 0.983 ⨉ 0 
– 0.651 ⨉ 2 

– 0.553 ⨉ 2

rs1 
rs2 
rs3 
rs4



Recovering genotypes from a PRS
8

rsID Weight β
rs1 0.374
rs2 0.983
rs3 0.651
rs4 0.553

Model
rsID SNP
rs1 ?
rs2 ?
rs3 ?
rs4 ?

PRS =
∑N

i=1 βi ⋅ Xi

P ⋅ N

RECOVERING 
GENOTYPES 
FROM A PRS

SOLVING THE 
SUBSET-SUM 
PROBLEM

The Subset-Sum problem!

a1 a2 a3 a4 a5 a6 a7 a8

S
⊕PRS: 0.34775

0.344775 ⨉ 4 ⨉ 2 = 2.782 
– 0.374 ⨉ 1 

– 0.983 ⨉ 0 
– 0.651 ⨉ 2 

– 0.553 ⨉ 2

rs1 
rs2 
rs3 
rs4



Recovering genotypes from a PRS
8

rsID Weight β
rs1 0.374
rs2 0.983
rs3 0.651
rs4 0.553

Model
rsID SNP
rs1 ?
rs2 ?
rs3 ?
rs4 ?

PRS =
∑N

i=1 βi ⋅ Xi

P ⋅ N

RECOVERING 
GENOTYPES 
FROM A PRS

SOLVING THE 
SUBSET-SUM 
PROBLEM

NP-hard

The Subset-Sum problem!

a1 a2 a3 a4 a5 a6 a7 a8

S
⊕PRS: 0.34775

0.344775 ⨉ 4 ⨉ 2 = 2.782 
– 0.374 ⨉ 1 

– 0.983 ⨉ 0 
– 0.651 ⨉ 2 

– 0.553 ⨉ 2

rs1 
rs2 
rs3 
rs4



Recovering genotypes from a PRS
8

rsID Weight β
rs1 0.374
rs2 0.983
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i=1 βi ⋅ Xi
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RECOVERING 
GENOTYPES 
FROM A PRS

SOLVING THE 
SUBSET-SUM 
PROBLEM

NP-hard

We can solve it with dynamic programming

The Subset-Sum problem!
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SNPs in a human genome are not uniformly random, 
especially the ones selected for a PRS

rsID
Allele Freq

OTHER EFFECT
rs1 90% 10%
rs2 53% 47%
rs4 38% 42%

We can use the likelihood of each solution, given the allele 
frequency in the population, to rank solution candidates

P(g0, …, gn−1) =
n−1

∑
i=0

log P(gi |AF) =
n−1

∑
i=0

log P(allelei0, allelei1 |AF)

5.165
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3.498
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2.746
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With the concept of subset-sum density d =
N

log3(maxi decimal(βi))

Intuitively, a ratio of the total number of possible subsets to 
the total number of possible sums given the weight precision
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Normally, the subset-sum instances with d < 1 are considered 
solvable but we can go up to d < 2.5

Given the typical precision of effect weights, PRS models with 
>80 SNPs become too dense for solving reliably

A Supplementary Information

A.1 Supplementary Figures
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Supplementary Figure 1. The distribution of effect-weight
precision across all PRS models published in the PGS
Catalog [28]. The median precision is 15 digits.

Total PRS with N < 50 556
Discarded PRS

N=1 3
Precision mismatch 3
Mismatching alleles 28
Invalid loci 42
Variants in chr X or Y 51
Density d > 2.5 131

Selected PRS 298

Total loci 4,821
Unique loci 2,654

Supplementary Table 1. The PGS Catalog selection for
the experimental evaluation.

Supplementary Figure 2. Genotype recovery accuracy. Genotype recovery accuracy across different populations:
African (AFR), Admixed American (AMR), East Asian (EAS), European (EUR), and South Asian (SAS). Baseline repre-
sents the recovery accuracy when we predict the major allele for each SNP for every individual. The red lines are the
accuracy when we use a single common allele-frequency statistic for all the populations in our likelihood estimations.

25



Recovering genotypes: Experimental Setup

• Selecting suitable risk scores from the 
PGS Catalog

17

Total PGS with N < 50 556
Discarded PGS

N = 1 3
Precision mismatch 3
Mismatching alleles 28
Invalid loci 42
Loci in chr X or Y 51
Density d > 2.5 131

Selected PGS 298
Total loci 4821
Unique loci 2654

Table 1: PGS catalog selec-
tion for evaluation. Fig. 3: XXX [Temp result for 500 samples] The

accuracy of genotype recovery per ancestry.
The baseline is predicting a major genotype at
each locus.

(N = 1), with too high of the precision di↵erence between the weights, with missing
or incorrectly specified loci, with e↵ect alleles that mismatch the reference genome,
with loci in the X or Y chromosomes, and with density d > 2.5. The density defines
the ratio of the total number of possible subsets to the number of possible scores and
it represents how solvable a PRS problem is. We analyze the PRS solvability in detail
in Section 4.3. The result is 298 PGS with 4821 total loci out of which 2654 are unique
(Table 1). The evaluation is for 2534 phase 3 individuals of the 1000 Genomes project.

Fig. 3 demonstrates that our techniques enable genotype recovery with the median
accuracy of 92.5-95.5%, well above the baseline of predicting a major genotype for
each locus. We recover the genotype for 2584 loci on average per individual.

2.4 Attacks from recovered genotypes

Given the noisy genotype predictions, we can either predict other unknown PRS or
deanonymize an individual.

2.4.1 De-anonymizing individuals by using the recovered genotypes
and genealogy search

The idea of an attacker using a public genetic database, such as GEDMatch, where
they submit the predicted genotypes and searches for the best relative match.

The exact details of the relative search used by GEDMatch is unknown but prior
work speculated that it runs segment search that counts homozygous mismatches, i.e.,
0 versus 2, as IBS boundaries.

We use the KING-Robust to emulate the GEDMatch relative search algorithm.
Report the median KING score for individuals themselves and against relatives (for
the 30 with external relatives) and the rank among others.

8
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• Selecting suitable risk scores from the 
PGS Catalog

• 2504 primary individuals + 31 relatives 
from the phase 3 release of the 1000 
Genomes dataset (GRCh37)

17

Total PGS with N < 50 556
Discarded PGS

N = 1 3
Precision mismatch 3
Mismatching alleles 28
Invalid loci 42
Loci in chr X or Y 51
Density d > 2.5 131

Selected PGS 298
Total loci 4821
Unique loci 2654

Table 1: PGS catalog selec-
tion for evaluation. Fig. 3: XXX [Temp result for 500 samples] The

accuracy of genotype recovery per ancestry.
The baseline is predicting a major genotype at
each locus.

(N = 1), with too high of the precision di↵erence between the weights, with missing
or incorrectly specified loci, with e↵ect alleles that mismatch the reference genome,
with loci in the X or Y chromosomes, and with density d > 2.5. The density defines
the ratio of the total number of possible subsets to the number of possible scores and
it represents how solvable a PRS problem is. We analyze the PRS solvability in detail
in Section 4.3. The result is 298 PGS with 4821 total loci out of which 2654 are unique
(Table 1). The evaluation is for 2534 phase 3 individuals of the 1000 Genomes project.

Fig. 3 demonstrates that our techniques enable genotype recovery with the median
accuracy of 92.5-95.5%, well above the baseline of predicting a major genotype for
each locus. We recover the genotype for 2584 loci on average per individual.

2.4 Attacks from recovered genotypes

Given the noisy genotype predictions, we can either predict other unknown PRS or
deanonymize an individual.

2.4.1 De-anonymizing individuals by using the recovered genotypes
and genealogy search

The idea of an attacker using a public genetic database, such as GEDMatch, where
they submit the predicted genotypes and searches for the best relative match.

The exact details of the relative search used by GEDMatch is unknown but prior
work speculated that it runs segment search that counts homozygous mismatches, i.e.,
0 versus 2, as IBS boundaries.

We use the KING-Robust to emulate the GEDMatch relative search algorithm.
Report the median KING score for individuals themselves and against relatives (for
the 30 with external relatives) and the rank among others.

8



Recovering genotypes: accuracy
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Median number of recovered SNPs: 2600 

Median accuracy 94.6% 

The baseline is predicting the major 
genotype for every locus
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and Sun, 2000; Purcell et al., 2007). Recent GWAS analytic
advances for association mapping have incorporated the presence of
unknown family and population structure (Choi et al., 2009; Kang
et al., 2010; Thornton and McPeek, 2010; Yang et al., 2010; Zhang
et al., 2010); however, algorithms to estimate family relationships
remain based on the assumption of population homogeneity.
In samples with undetected population substructure, this strong
assumption of population homogeneity leads to biased results,
systematically inflating the degree of relatedness among individuals
of the same racial group.

Current approaches to relationship and population structure
inference are somewhat circular. The relationship inference relies
on correct specification of a homogeneous subpopulation (Purcell
et al., 2007), while the detection of population structure relies on
the correct identification of unrelated individuals (Zhu et al., 2008).
In addition to the non-robustness to the population structure, existing
approaches do not apply to small datasets, e.g. for comparison of
a single pair of individuals, or relationship inference on a single
pedigree.

We present a novel framework for relationship inference, Kinship-
based INference for Genome-wide association studies (KING),
together with a rapid algorithm for relationship inference appropriate
for use on samples with thousands of individuals genotyped
at millions of SNPs from autosomes, consistent with a scale
typically achieved in a GWAS. Within this framework we present
two methods: (i) KING-homo, derived under the assumption of
population homogeneity and (ii) KING-robust that provides robust
relationship inference in the presence of population substructure.
The estimated pedigree information provided by KING (such as
kinship coefficients) can be used to verify relationships, reconstruct
pedigrees and conduct genetic association tests without relying on
self-reported pedigree information. Our computationally efficient
and flexible approach allows automated pedigree error detection, and
is amenable to datasets involving a very small number of individuals,
as encountered in forensic DNA analysis.

2 METHODS
Consider two individuals, indexed by i and j. Let φij denote the kinship
coefficient, defined as the probability that two alleles sampled at random from
two individuals are identical by descent, and π0ij , π1ij and π2ij denote the
probability that the two individuals share zero, one and two alleles identical
by descent, respectively. Table 1 lists values of φij and π0ij for relative
pairs, including monozygotic twins, parent-offspring pairs, sibling pairs,
2nd-degree relative pairs (such as half-sibs, avuncular pairs and grandparent-
grandchild pairs), 3rd-degree relative pairs (such as first cousins), and
unrelated pairs. Note that the kinship coefficient is a function of IBD-sharing
statistics with relationship 2φij =π1ij/2+π2ij . Inference criteria presented in
Table 1 are derived using powers of 2, with the basis that this is the natural
scale of the kinship and zero-IBD sharing statistics. In Section 3, we see that
these inference criteria work well in practice.

2.1 Relationship inference in a homogeneous
population

We first summarize existing methods that allow relationship inference under
the assumption of a homogeneous population. Assume p is the frequency
of a reference allele (with label A) at a SNP, and the number of alleles IBS
between individuals i and j is IBSij . Since only IBDij =0 (not IBDij =1 or 2)
can result in IBSij =0 (i.e. the pair of individuals has genotypes AA and aa),
the expected proportion of SNPs with zero IBS can be specified assuming

Table 1. Relationship inference criteria based on estimating kinship
coefficients (φ) and probability of zero IBD sharing (π0)

Relationship φ Inference criteria π0 Inference criteria

Monozygotic twin 1
2 > 1

23/2 0 <0.1
Parent–offspring 1

4 ( 1
25/2 , 1

23/2 ) 0 <0.1
Full sib 1

4 ( 1
25/2 , 1

23/2 ) 1
4 (0.1,0.365)

2nd Degree 1
8 ( 1

27/2 , 1
25/2 ) 1

2 (0.365,1− 1
23/2 )

3rd Degree 1
16 ( 1

29/2 , 1
27/2 ) 3

4 (1− 1
23/2 ,1− 1

25/2 )
Unrelated 0 < 1

29/2 1 >1− 1
25/2

HWE:

Pr(IBSij =0)=Pr(AA,aa|IBDij =0) ·Pr(IBDij =0)=2p2(1−p)2π0ij (1)

This leads to the estimator

π̂0ij =

∑
m

IIBSm
ij =0

∑
m

2p̂2
m(1− p̂m)2 = NAA,aa∑

m
2p̂2

m(1− p̂m)2 , (2)

where IIBSm
ij =0 is an indicator of whether the pair of individuals does not

share any alleles at the m-th SNP, NAA,aa is the total number of SNPs at
which the genotypes of the pair of individuals are different homozygotes,
m indexes SNPs excluding those with missing genotypes in either individual
of the pair, and allele frequency p̂m at the m-th SNP is estimated from the
genotype frequencies in the entire sample as

p̂m = #AA+#Aa/2
#AA+#Aa+#aa

. (3)

Note #AA, #Aa and #aa are the total number of individuals with genotype AA,
Aa and aa, respectively, at the m-th SNP. The remaining two IBD statistics
can be estimated based on NIBS=1, NIBS=2, p̂m, and π̂0ij (Purcell et al., 2007).
Since the sum of the three IBD statistics is unity, only two IBD statistics are
needed to infer the relationship.

We propose an alternative framework to estimate the kinship coefficient
between a pair of individuals. Suppose the frequency of a reference allele is
p at a SNP for both individuals. The genotype score, defined by the number
of the reference allele for individuals i, is X (i). We model genetic distance
between a pair of individuals in terms of their kinship coefficient (derived
under the assumption of HWE in the Supplementary Material) as

E(X (i) −X (j))2 =4p(1−p)(1−2φij). (4)

Let Ĥij/Mij be a consistent estimator of
∑
m

2pm(1−pm)/Mij where Mij is the

total number of non-missing markers for the pair of individuals. Now, we
can estimate the kinship coefficient as

φ̂ij =
1
2

−

∑
m

(
X (i)

m −X (j)
m

)2

4Ĥij
. (5)

Note only markers with genotype data for both individuals i and j are used
in calculation of φ̂ij . When the sample of individuals is homogeneous, pm

can be estimated by the observed allele frequency p̂m in (3). The plug-in
estimator

Ĥij/Mij =
∑

m

2p̂m(1− p̂m)/Mij (6)

is consistent for
∑
m

2pm(1−pm)/Mij , and it follows that the estimator φ̂ij

based on (5) and (6) is consistent for φij . We name the estimating method
in Equations (5) and (6) as KING-homo. Together with the IBD estimator
(2), all relationships presented in Table 1 can be determined uniquely. Note
estimation of π1 and π2 can be derived easily according to equations π̂1 =
2−2π̂0 −4φ̂ and π̂2 =4φ̂+π̂0 −1.
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and Sun, 2000; Purcell et al., 2007). Recent GWAS analytic
advances for association mapping have incorporated the presence of
unknown family and population structure (Choi et al., 2009; Kang
et al., 2010; Thornton and McPeek, 2010; Yang et al., 2010; Zhang
et al., 2010); however, algorithms to estimate family relationships
remain based on the assumption of population homogeneity.
In samples with undetected population substructure, this strong
assumption of population homogeneity leads to biased results,
systematically inflating the degree of relatedness among individuals
of the same racial group.

Current approaches to relationship and population structure
inference are somewhat circular. The relationship inference relies
on correct specification of a homogeneous subpopulation (Purcell
et al., 2007), while the detection of population structure relies on
the correct identification of unrelated individuals (Zhu et al., 2008).
In addition to the non-robustness to the population structure, existing
approaches do not apply to small datasets, e.g. for comparison of
a single pair of individuals, or relationship inference on a single
pedigree.

We present a novel framework for relationship inference, Kinship-
based INference for Genome-wide association studies (KING),
together with a rapid algorithm for relationship inference appropriate
for use on samples with thousands of individuals genotyped
at millions of SNPs from autosomes, consistent with a scale
typically achieved in a GWAS. Within this framework we present
two methods: (i) KING-homo, derived under the assumption of
population homogeneity and (ii) KING-robust that provides robust
relationship inference in the presence of population substructure.
The estimated pedigree information provided by KING (such as
kinship coefficients) can be used to verify relationships, reconstruct
pedigrees and conduct genetic association tests without relying on
self-reported pedigree information. Our computationally efficient
and flexible approach allows automated pedigree error detection, and
is amenable to datasets involving a very small number of individuals,
as encountered in forensic DNA analysis.

2 METHODS
Consider two individuals, indexed by i and j. Let φij denote the kinship
coefficient, defined as the probability that two alleles sampled at random from
two individuals are identical by descent, and π0ij , π1ij and π2ij denote the
probability that the two individuals share zero, one and two alleles identical
by descent, respectively. Table 1 lists values of φij and π0ij for relative
pairs, including monozygotic twins, parent-offspring pairs, sibling pairs,
2nd-degree relative pairs (such as half-sibs, avuncular pairs and grandparent-
grandchild pairs), 3rd-degree relative pairs (such as first cousins), and
unrelated pairs. Note that the kinship coefficient is a function of IBD-sharing
statistics with relationship 2φij =π1ij/2+π2ij . Inference criteria presented in
Table 1 are derived using powers of 2, with the basis that this is the natural
scale of the kinship and zero-IBD sharing statistics. In Section 3, we see that
these inference criteria work well in practice.

2.1 Relationship inference in a homogeneous
population

We first summarize existing methods that allow relationship inference under
the assumption of a homogeneous population. Assume p is the frequency
of a reference allele (with label A) at a SNP, and the number of alleles IBS
between individuals i and j is IBSij . Since only IBDij =0 (not IBDij =1 or 2)
can result in IBSij =0 (i.e. the pair of individuals has genotypes AA and aa),
the expected proportion of SNPs with zero IBS can be specified assuming

Table 1. Relationship inference criteria based on estimating kinship
coefficients (φ) and probability of zero IBD sharing (π0)

Relationship φ Inference criteria π0 Inference criteria

Monozygotic twin 1
2 > 1

23/2 0 <0.1
Parent–offspring 1

4 ( 1
25/2 , 1

23/2 ) 0 <0.1
Full sib 1

4 ( 1
25/2 , 1

23/2 ) 1
4 (0.1,0.365)

2nd Degree 1
8 ( 1

27/2 , 1
25/2 ) 1

2 (0.365,1− 1
23/2 )

3rd Degree 1
16 ( 1

29/2 , 1
27/2 ) 3

4 (1− 1
23/2 ,1− 1
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Unrelated 0 < 1

29/2 1 >1− 1
25/2

HWE:

Pr(IBSij =0)=Pr(AA,aa|IBDij =0) ·Pr(IBDij =0)=2p2(1−p)2π0ij (1)

This leads to the estimator
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IIBSm
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2p̂2
m(1− p̂m)2 = NAA,aa∑

m
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m(1− p̂m)2 , (2)

where IIBSm
ij =0 is an indicator of whether the pair of individuals does not

share any alleles at the m-th SNP, NAA,aa is the total number of SNPs at
which the genotypes of the pair of individuals are different homozygotes,
m indexes SNPs excluding those with missing genotypes in either individual
of the pair, and allele frequency p̂m at the m-th SNP is estimated from the
genotype frequencies in the entire sample as

p̂m = #AA+#Aa/2
#AA+#Aa+#aa

. (3)

Note #AA, #Aa and #aa are the total number of individuals with genotype AA,
Aa and aa, respectively, at the m-th SNP. The remaining two IBD statistics
can be estimated based on NIBS=1, NIBS=2, p̂m, and π̂0ij (Purcell et al., 2007).
Since the sum of the three IBD statistics is unity, only two IBD statistics are
needed to infer the relationship.

We propose an alternative framework to estimate the kinship coefficient
between a pair of individuals. Suppose the frequency of a reference allele is
p at a SNP for both individuals. The genotype score, defined by the number
of the reference allele for individuals i, is X (i). We model genetic distance
between a pair of individuals in terms of their kinship coefficient (derived
under the assumption of HWE in the Supplementary Material) as

E(X (i) −X (j))2 =4p(1−p)(1−2φij). (4)

Let Ĥij/Mij be a consistent estimator of
∑
m

2pm(1−pm)/Mij where Mij is the

total number of non-missing markers for the pair of individuals. Now, we
can estimate the kinship coefficient as

φ̂ij =
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−
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(
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)2
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. (5)

Note only markers with genotype data for both individuals i and j are used
in calculation of φ̂ij . When the sample of individuals is homogeneous, pm

can be estimated by the observed allele frequency p̂m in (3). The plug-in
estimator

Ĥij/Mij =
∑

m

2p̂m(1− p̂m)/Mij (6)

is consistent for
∑
m

2pm(1−pm)/Mij , and it follows that the estimator φ̂ij

based on (5) and (6) is consistent for φij . We name the estimating method
in Equations (5) and (6) as KING-homo. Together with the IBD estimator
(2), all relationships presented in Table 1 can be determined uniquely. Note
estimation of π1 and π2 can be derived easily according to equations π̂1 =
2−2π̂0 −4φ̂ and π̂2 =4φ̂+π̂0 −1.
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Linking recovered genotypes to 1000 Genomes

2,535 individuals in the 
database in total 

- 50 first-degree 
relatives 

- 18 second-degree 

100% precision and 
recall identifying the 
individuals themselves
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Decreasing the precision of effect weights reduces 
identifiability while preserving utility



Conclusion

• Genotypes can be recovered from small-
scale PRSs with up to 95% accuracy via 
dynamic programming and population 
statistics 

• Recovery for large-scale PRSs (>80 SNPs) is 
challenging due solution density 

• 2,600 partially accurate SNPs can re-identify 
a person in genealogy databases 

• Decreasing the precision or adding noise to 
effect weight improves score privacy
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